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their relative position. In particular they can be studied for

p=0. The presence of p is to be superimposed without modi-
fying their behavior.

This behavior confirms the previously obtained result on the
system stability.
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Miss Distance of Proportional
Navigation Missile with
Varying Velocity

W. R. Chadwick*
Naval Surface Weapons Center, Dahligren, Virginia

Introduction

N most of the published work on proportional navigation
. guidance, the assumption is made that the missile and
target velocities remain constant.!»2 This ensures a collision
against the nonmaneuvering target if the missile maintains a
constant relative bearing while closing in range. To achieve
this constant bearing angle, the proportional navigation
missile thus attempts to null the line-of-sight rate.3
Axial acceleration or slowdown may seriously influence the
performance of the proportional navigation missile.* There
are two main reasons for this. First, the lateral acceleration
and miss distance performance of the missile depend strongly
on the effective navigation constant N, which varies with
speed. Velocity compensation is thus usually necessary to en-
sure that N remains within the desired range of 3 to 5.5 The
second direct kinematic effect of nonconstant axial velocity is
that it prevents the missile from achieving a constant bearing
or rectilinear collision course to the target. An important ex-
ample here is the short-range engagement with large crossing
angle that occurs during a period of large boost acceleration.
In this case, however, the magnitude and duration of the boost
acceleration are usually known and a simple lateral accelera-
tion correction may be computed and added to the primary
guidance signal to compensate for axial acceleration.® A more

" difficult situation may arise at longer ranges and higher

altitudes when the missile sustainer motor burns out just
before intercept. The missile will normally have limited
maneuver capability and a slow dynamic response rate at these
high altitudes and, thus, may be unable to entirely compensate
for the resulting sudden axial slowdown. A suitable velocity
compensation scheme is more difficult in this case. This is
because the ‘“‘time to go”’ at thrust cutoff and the resulting
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missile slowdown rate are not precisely known. The missile’s
heading at cutoff is also unknown. In addition, of course, the
absence of any theoretical results on the influence of axial

- slowdown on miss distance performance further complicates

the task of devising a compensation scheme for the above
case. The present work provides these results. .

The analysis is confined to the noise-free case of a non-
maneuvering crossing air target and considers a single-lag
missile having an effective navigation constant of four and
unlimited lateral acceleration capability. An approximate
analytical solution is developed for the miss distance which
consists of two parts. The first is associated directly with the
kinematic effects of missile slowdown following sustain thrust
cutoff, while the second is due to missile heading error at
thrust cutoff. This second component of the miss is already
known for the constant-speed case as a linear function of -
heading error for any integer navigation constant.! The task
here was to estimate typical thrust cutoff heading errors
caused by varying velocity during the sustain thrust phase.
This problem is solved using a simplification of the general
analysis which neglects higher-order dynamics.

It is shown that if sudden missile slowdown caused by sus-
tain thrust cutoff occurs within three missile time constants of
intercept against the high-speed crossing target, the unbiased
proportional navigation missile will usually miss behind the
target centroid. N

As a final note, it is repeated that the present analytical
solution for the miss distance due to heading error has been
available for a number of years. On the other hand, to the
author’s knowledge, no previously published solution is
available for the miss due to missile acceleration or slowdown.

The Differential Equation
The engagement geometry for the longitudinally ac-
celerating proportional ‘missile against a constant velocity

crossing target is shown in Fig. 1. The x axis is inclined to the
initial line of sight at ¢,, where

Vosing, = Vising ¢ 0}

Thus, at thrust cutoff, ¢, defines the constant bearing course,
or the rectilinear collision course which would be necessary for
the missile to intercept the target without further maneuver if
the velocity following thrust cutoff were to remain constant at
V,. Following cutoff, however, the linear velocity law

V=V,+at v

is assumed, with the missile’s initial heading having the small
perturbation e relative to ¢,. In the following analysis, the

" quantity e is taken to be zero only when V is assumed to be

constant prior to thrust cutoff. The heading error e is
estimated later in the section entitled ‘‘Missile Heading at the
End of the Thrust Phase.”’

The rate of change of the missile flight-path angle, assuming
a single-lag time constant 7, is given by’

dy [ do ]
—_— =N [
& T I+s7 3)

where s=d/d¢. Assuming small deviations in y and o, Eq. (3)
may be written

&y d¥ d [ yr=y' ]
+—=NV—|
s T ar dr Lo —x @
where, from Fig. 1 and Eq. (2)
’ at2 .
x'= V0t+7 cos¢, — ysing, ®)
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Performing the dlfferentlatlon indicated by Eq. (4) and using
Eq. (1)

d3 d2
TF a7 'N[<—+”“a“"’0’( )

() (2]

where we have employed the classical definition of the effec-
tive navigation constant®

NVcosg,

N=—-—~_
Ax’

(10)
with
AX' =x5—x' ' an

" For the single-lag proportional navigation ‘missile with
unlimited lat&ral acceleration capability, Eq. (9) is exact within
the framework of small-angle point mass kinematics.
However, to obtain a useful analytical solution of this equa-
tion, some simplification of the Ax’ coefficients is required.
The most obvious is to replace the horizontal closing rate Ax’
by a constant based on the missile’s average velocity. That is

Ai'=-V : (12
=V(T—-t) (13)
V= (Vo +a7T>.+ Vi cosy (14)

with T denoting the total time of flight or time to go from
thrust cutoff. :

With these appr0x1mat10ns and a change of independent
variable from ¢ to p, where

p=(T-t)/7 (15)

is the riondimensional time to g0, Eq. (9) becomes

—p? ::Z +p? (;;}; —~4p :ﬁ +4=R(p) (16)
where
R(p) = 2ratand, (o — p}) o
and the initial conditions, from Fig: 1 and Eq. (15), are
y=0, Y. Ve, 32’—;0, p=p,0rt=0 (18)

dp dp
for the specific case N=4.

Solution of the Differential Equation

Noting that y=p is one solution of Eq. (16) in the case
R (p) =0, denote the complete general solution by’

=50 (19

" where S=S(p). Differentiating

—dp— =S+p —dp (20)

-~ and ,sﬁbstituting into Eq. (16) results in the following second-

order equation for dS/dp

d2 dS+(3 d dS ,,;dS_ R ‘23

P37 "% T @

'One of the two independent homogeneous solutions of Eq.
(23) is

B -2 ? p 24

FP R 12‘—(/0) (24)

which may be verified by direct substitution. Thus, as before,
let the complete solution of the equation be

ds .
T=P(P)F(p) (25)
o

Now differentiate with respect to p

- 4.45 =PF’ +FP’ " (26
d? ds , ; ‘ n
—— ——=PF" +2P'F’ + FP" @7
do? dp

where the prime denotes differentiation with respect to p and
where we have written P for P(p), etc. Now substitute into
Eq. (23)

d(dP _)_ i ‘
dp d—F"pe )= —RFe~? (28)

and integrate twice

drP , o ,
Tpp e P=— S RFe=*dp+P' (py))F?(py)oie="0  (29)
f0

P Sp & Sy RFe~*dxd
T ro F2¥3 Jog ¢ 7
+P (o) (po)phe 0 j X tP(o)  (30)
0

where the initial values of Pand P’ may be obtalned froin Eq
(18)
V,7e

* Plogy=——reT 31
¢ F(pg)py » GD
Vyre 2 F’ (py) ] .
P’ (pg)= [ + 32
= Fon L3 Flon) 62
Miss Distance
The miss distance

M=(y7—=Y) =0 33)

as shown in Fig. 1, may be written '
M= (aT"/Z)sinqbo —y(0)cose, 34

from Eqgs. (6) and-(8) and from the definition of the initial
constant bearing course.
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Now, from Eq. (20), it is possible to write

;;<S+pd—p)p=0=0 | 35)

assuming dy/dp remains finite at p=0. But pS(p) =y, from
Eq. (19), and, therefore,

/ ds '
)
y(0)=—p 3o /im0 (36)
Sy(0) = — (P2 FPYy, o (37)
0) - 2ng e Sy RFe—*dxd
y(0)=p p‘oFZ—y3 o0 e Ly
' 2 3 2plf €
— P’ (00) P (po)0le—*0p ngo o
~p?FP(p,); limp—0 (38)

For the simple R(x) and F(x) polynomials of Egs. (17) and
(24), respectively, it is easy to show that, in the limit, as p ap-
proaches zero, Eq. (38) may be written

’

1 (oo ‘ . P
y<0>=-2—go R(0)F(x)e~*dx+—

Performing the integration, with P’ (p,) from Eq. (32),

7? , 0 aT?
y(0) =7atan¢>0p,2,e""0 <I ——§9> ——Z—tanqbo

/ 2
+ V,y1epge=*0 (1 —pp+ —‘;—"> (40)

Thus, from Eq. (34), the miss is

- ?a Vp. o
e 22 g (1)
0} ,
— V,yrecosd ppe 0 (1 —pg+ T) @1

Before discussing this result we estimate below the general
level of e to be expected at the end of the sustainer thrust
phase, assuming simple unbiased proportional navigation
guidance.

Missile Heading at the End of the Thrust Phase

The quantity e at the termination of the sustain thrust phase
has been defined as

e=y—¢o (42)

where v is the flight heading and ¢ denotes the initial constant
bearing angle. An estimate of € may be obtained by assuming
that the time of flight is much larger than the missile time con-
stant. If we thus neglect 7 in the previous analysis, the trajec-
tory, and, therefore, ¢, of the unbiased proportional naviga-
tion missile with varying velocity, ‘may easily be determined.
Accordingly, with time now. assumed to start at the com-
mencement of the sustain thrust phase and 7 denoting the
total time to intercept, Egs. (16) and (17) become

d? d ’
(T—t)d—t;v+4(T—t)—E};—+4y=2atan¢o(l‘2—2Tt) (43)

where, in order to determine the approximate kinematic state
of the missile at thrust cutoff, just before intercept, we may

(o) (po)ple 0 (39
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Fig. 3 Normalized miss due to longitudinal deceleration.

assume zero initial conditions. As in the previous work, let ¥,
and ¢, denote conditions at ¢=0 and let a denote the
longitudinal acceleration of the missile under sustain thrust.
Then

V=V,+at 44
and
Vv
sing, = ——siny/ 1 45)
Vo J

The compiete solution of Eq. (43) is relatively simple

2 .
y=- —E—atanqﬁo T u? <I ,_ %) (46)
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where
p=t/T @1
as may be checked by direct substitution. The flight heading
Y=o+ GO/V) @8)

may be evaluated by differentiating Eq. (46)

2
y=dp ——f/a—tanqSosz (1 —%) (49)

Now, using Fig. 1, the constant bearing angle or instantaneous:

collision heading correspondmg to the velocny V at time ¢ is
given by :

Vsin (¢ — o) = Vysin (Y7 + o) (50)

ENGINEERING NOTES 665

which may be written

V .
sing =—,V1sim//T + %( Vrcosyr+ Veoso) (51)

The small angle ¢ is given by
V(T—t)o=Vsingt— (xsing, + ycosg,) (52

which, upon substituting x= V,¢+ %at’, and using Eq. (45),
may be written ‘

V(T—1t)o= - Ysat?sing, — ycoso, (53
If we now assume that the horizontal closing velocity in Eq.

(53) cancels the grouping of velocity terms in Eq. (51), and use
Eg. (46) for y, the required collision heading is

. V,sin CaTp? (I—4p/3+ 2/3)]}
—an-13.70 4t s at
$=sin { 7 ¢o[1 v 2= (4

Figure 2 compares the € of this zero lag theory, obtained by
subtracting Eq. (54) from Eq. (49), with results obtained by in-
tegrating Eq. (9) numerically for the case V, = V5 =2000 ft/s,
Yr=45deg, 7=1s, and @ =32 ft/s2. The simple theory, which
is quite satisfactory for large values of T, shows that if thrust
cutoff occurs shortly before intercept, as p approaches 1 then
€ 1n the range +1 deg 'should be expected.

Discussion

The two components of Eq. (41) are the miss due to the
missile’s longitudinal deceleration following thrust cutoff
(a<0) and the miss due to the missile’s heading error at thrust
cutoff. Figuré 3 compares the first of these components with
results obtained by integrating Eq..(9) numerically for the case
V,=Vr=2000 ft/s, y7=45 deg, 7=1s, and a= —150 ft/s2.
Clearly the basic assumptions of the theory are entirely
satisfactory. Note that Fig. 3 shows normalized miss against
0o, Where p, denotes time to go at thrust cutoff divided by
missile time constant. Accordingly, Fig. 3 may be used to
predict the miss due to any combination of missile speed,
cutoff time, axial deceleration or speedup, and time constant;
and for any target speed and crossing angle. An important
feature of Fig. 3 is that the decelerating proportional naviga-
tion missile (@ <0), with unlimited lateral maneuver capablllty
and zero heading error at thrust cutoff, will experience a
positive miss- distance whenever the slowdown phase com-
mences within three missile time constants or intercept. Dur-
ing such encounters a large positive incidence may be expected
to develop (see Fig. 1), which will increase the final orientation
of the missile’s longitudinal axis relative to the target flight
path. For p,>3 the situation is reversed.

The second component of Eq. (41), the normalized miss due
to heading error at thrust cutoff, is shown.in Fig. 4. This com-
ponent exhlblts zerosat p,=3 :l:\/_ 3 and becomes very small for
Py > 5. '

The total miss (in feet) is shown in Fig. 5 for the case
Vo= V5y=2000 ft/s, y;-=45 deg, and a= ~32 ft/s>. Thus,
if thrust cutoff occurs shortly. before intercept (o,<4), the
axially decelerating proportional navigation missile will ex-

“perience a large positive miss distance irrespective of the sense

of the cutoff heading error.

Conclusions

It has been shown that if sudden missile deceleration caused
by sustain thrust cutoff occurs within three missile time con-
stants of intercept, against the high-speed crossing air target,
then the unbiased proportional navigation missile will miss
behind the target centroid. Furthermore, typical missile
heading errors at the end of the sustainer thrust phase will
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usually increase this positive miss distance. The unbiased pro-
portional navigation missile experiencing sustain thrust cutoff
shortly before intercept may thus develop a large positive
angle of attack during terminal éncounter. For large crossing
angles this may rotate the missile longitudinal axis to the ex-
tent that the effectiveness of the warhead is s1gn1f1cantly
reduced.
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" with In-Flight Radome
Error Calibration
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Introduction

ISSILE homing performance can be seriously degraded

by boresight radome errors whose slopes generally show
large variations. Thus, to increase homing performance and
target intercept capability, in-flight radome error calibration is
essential to overcome the restrictions imposed by radome
errors. This Note presents a self-learning network scheme
with afi adaptive real-time estimation using a Kalman- filter
bank design for the switching env1ronment for high- altitude,
high-speed threat. ‘

- Adaptive Radome Estimator Design

An adaptive Kalman filtering bank in the switching environ-
ment is used to realize the changing processes in a radome
slope. The rate of sw1tch1ng is assumed to be considerably
slower than that of the bore51ght error (observation) sampling
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rate. That is, by assuming the rate of positive-negative ra-
dome slope switching to be smaller than the data sampling
rate, the estimation scheme can be reduced to the design of a
bank of Kalman filters, each matched to a certain radome
slope configuration. Actually, following the adaptive -filter
formulation in Refs. 6-8, the random switching of the
unreliable plant, i.e., the radome slope is modeled by a semi-
Markov process.

A semi-Markov process is a probabilistic system that makes
its state transitions according to the tramsition probability
matrix of a conventional Markov process. However, the
amount of time spent in each state before the next transition to
a different state is a random variable. It is this property of a
random switching time that distinguishes the more general
semi-Markov process from a Markov process. The multiple
statés mentioned above are actually chosen to typify the ra-
dome slope in the positive, zero, or negative slope reglons
Thus, by proper choice of the state and modéling of the transi-
tion processes, we hope to realize the variations of the radome
slope as a randomly switching, semi-Markov process.

 The general adaptive filter, as shown in Fig. 1, essentially
consists of a bank-of three Kalman filters, each matched to a
pos51b1e plant configuration U, (i=1,2,3). The filter outputs
are weighted. by a time-varying a posteriori probability to ob-
tain the radome error- slope estimate. The bank of three
Kalman filters has the deterministic inputs U, =U, =0.02
deg/deg, U,=U,=0.0 deg/deg, and' U;=U_=-0.02
deg/deg to characterize the three plant configurations in the
positive, zero, and negative slope regions, respectively. That
is, the filter estimates from each filter in the bank are furtheér
weighted by calculating the a posferiori hypothesis. prob-
abilities. It is the probability of a given hypothesis that the
radome slope is around certain U, value, being true.condition-
ed upon the past measurements. Slnce during actual flight the
unknown plant configuration (due¢ to polarization effect)
might randomly switch at random times, we have to model the
random switching of the radome slope parameters as a semi-
Markov process. The a posteriori hypothesis testing involves
the three conditional probabilities )

Priy =P, (Upy=U, 1Zy 4 1)
Poir1=Poy(Ups1=Uy1Z, )

Pyivr1=P_(Ugp =U_ 12,0 )) ¢y

where Z,,; denotes the collective events of all the past
measurement history up to time ¢, ,, i.e.,

Zie 1= 20220 0 2 Zicr 1} = {ZpoZh 1} @

Equation (1) actually states that for a new boresight datum
Zy. 1 that just comes in, we want to test a global hypothesis to
see whether the datum indicates that the plant configuration,
or the radome slope, is near the positive, zero, or negative
slope region. It is a global instead of local hypothesis because
it depeénds on the time history of the data, as shown in Eq. (2).
Thus, the a posteriori conditional probabilities should be
calculated recurs vely to reflect all the past data dependence.
The detailed formulations are given in Refs. 6 and 7 and are
shown below for j=1,2, 3, ds.

P, i 1=P(24.1 \Up ;= U, Z,) X normalizing factor

3 B
E P X8yt — 1)1 3)

in terms of the recursive time index k. The normalizing factor
is the inverse of the sum of the three a posteriori conditional
probabilities. The transition matrix JC; from state U, to U, is
symmetric and is based on the semi- Markov statistics. Thls



